INTRODUCTION
The abrupt change in material properties across the interface between discrete layers in composite structures can result in large interlaminar stresses leading to delamination. One way to overcome these adverse effects is to use "functionally graded materials" which are inhomogeneous materials with continuously varying material properties. There are several three-dimensional (3D) solutions available for the thermoelastic analysis of inhomogeneous plates. Most of these studies have been conducted for laminated plates that have piecewise constant material properties in the thickness direction. Rogers et al. [1] have employed the method of asymptotic expansion to analyze 3D deformations of inhomogeneous plates. However, the boundary conditions on the edges of the plate in their theory are applied in an average sense like those in 2D plate theories and the plate is assumed to be only moderately thick. Tarn and Wang [2] have also presented an asymptotic solution that may be carried out to any order, but the manipulations become more and more involved as one considers higher order terms. Cheng and Batra [3] have also used the method of asymptotic expansion to study the 3D thermoelastic deformations of a functionally graded elliptic plate. Tanaka et al. [4] designed property profiles for functionally graded materials to reduce the thermal stresses. Reddy [5] has presented solutions for rectangular plates based on the third-order shear deformation plate theory. Reiter and Dvorak [6, 7] performed detailed finite element studies of discrete models containing simulated skeletal and particulate microstructures and compared results with those computed from homogenized models in which effective properties were derived by the Mori-Tanaka and the self-consistent methods. Cheng and Batra [8] have related the deflections of a simply supported functionally graded polygonal plate given by the first-order shear deformation theory (FSDT) and a third-order shear deformation theory (TSDT) to that of an equivalent homogeneous Kirchhoff plate.
The objective of this investigation is to present an exact solution to the thermoelastic cylindrical bending deformations of a simply supported functionally graded thick plate. By using suitable temperature and displacement functions, the governing partial differential equations are reduced to a set of coupled ordinary differential equations in the thickness coordinate, which are then solved by the power series method. We consider a two-phase graded material with a power-law variation of the volume fractions of the constituents through the thickness. The effective material properties at a point are determined in terms of the local volume fractions and the material properties of the two phases either by the Mori-Tanaka [9] or the self-consistent [10] scheme. Results are presented for an Al/SiC graded plate. We compare the exact results with those obtained from the classical plate theory [11] (CPT), the FSDT [12] and the TSDT [13] .
PROBLEM FORMULATION
We use rectangular Cartesian coordinates x i (i = 1, 2, 3) to describe the infinitesimal static thermoelastic deformations of an N -layer laminated plate occupying the region [0, L]×[−H/2, H/2]×(−∞, ∞) in the unstressed reference configuration. Each layer of the laminated plate is made of an isotropic material with material properties varying smoothly in the x 2 (thickness) direction only. The vertical positions of the bottom and the top surfaces, and the N −1 interfaces between the layers are denoted by
The equations of mechanical and thermal equilibrium in the absence of body forces and internal heat sources are
where σ ij and q j are, respectively, the components of the Cauchy stress tensor and the heat flux. A comma followed by index j denotes partial differentiation with respect to the position x j of a material particle, and a repeated index implies summation over the range of the index. The constitutive equations for a linear isotropic thermoelastic material are
where λ and µ are the Lamé constants, β is the stress-temperature modulus, κ is the thermal conductivity, ε ij are components of the infinitesimal strain tensor and T is the change in temperature of a material particle from that in the stressfree reference configuration. The material properties λ, µ, β and κ are functions of x 2 . The infinitesimal strain tensor is related to the mechanical displacements u i by ε ij = (u i,j + u j,i )/2. The edges of the plate are assumed to be simply supported and maintained at the reference temperature. That is,
The mechanical boundary conditions prescribed on the top and the bottom surfaces can be either a displacement component u j or the corresponding traction component σ 3j . However, typically non-zero normal and zero tangential tractions are prescribed on these two surfaces. Since the normal load can be expanded as a Fourier series in x 1 , it suffices to consider loads of the form
where p + and p − are known constants, r = kπ/L and k is a positive integer. The thermal boundary conditions on the top and the bottom surfaces are specified as
By appropriately choosing values of constants ϑ ± and ξ ± , various boundary conditions corresponding to either a prescribed temperature, a prescribed heat flux or exposure to an ambient temperature through a boundary conductance can be specified. The interfaces between adjoining layers are assumed to be perfectly bonded together and in ideal thermal contact so that
denotes the jump in the value of u i across an interface. Since the applied loads and material properties are independent of x 3 and the body is of infinite extent in the x 3 direction, we postulate that the displacements u and temperature T are functions of x 1 and x 2 only, and thus correspond to plane strain deformation.
EXACT SOLUTION
We construct a local rectangular Cartesian coordinate system x
with local axes parallel to the global axes and the origin at the point where the global x 2 -axis intersects the mid-surface of the n th lamina. In the local coordinate system, the n th lamina occupies the region
We drop the superscript n for convenience with the understanding that all material constants and variables belong to this layer. We assume that within each layer, the Lamé constants λ and µ, the stress-temperature modulus β and the thermal conductivity κ are analytic functions of x 2 and thus can be represented by a Taylor series expansion about its midsurface as
It should be noted that λ, µ, β and κ are positive quantities for all x 2 , and
The Temperature Field
A solution for the change in temperature of points in the nth layer is sought in the form
The assumed temperature function T identically satisfies the boundary conditions (3) 3 at the edges of the plate. We assume a solution for θ in the form of a power series
Substitution for T from (8) and (9) into (2) 2 and the result into (1) 2 , and equating coefficients of x γ 2 to zero gives the following recursive relation
for α = 0, 1, 2, . . .. Evaluation of the recursion formula (10) successively for α = 1, 2, . . ., givesθ (α+2) in terms of arbitrary constantsθ (0) andθ (1) . There are two unknown constants for each layer, resulting in a total of 2N unknowns for an N -layer plate. The constants are determined by satisfying the thermal boundary conditions (5) on the top and the bottom surfaces of the plate and the interface continuity conditions (6) 3,4 for the thermal quantities between adjoining layers.
The Displacement Field
A solution for the displacement field in the nth layer is sought in the form
which identically satisfies the homogeneous boundary conditions (3) 1−2 at the simply supported edges. We assume a power series solution for the displacements as
Substitution for u from (11) and (12) into (2) 1 , for σ into (1) 1 , and equating the coefficients of x γ 2 to zero, we obtain two coupled recurrence algebraic relations for every non-negative integer α. The recurrence relations are evaluated successively for α = 0, 1, . . ., to obtainŨ
in terms of arbitrary constants
2 . Thus, there are four unknown constants for each layer which are determined by satisfying the mechanical boundary conditions (4) on the top and the bottom surfaces of the plate and the interface continuity conditions (6) 1,2 for the mechanical quantities between adjoining layers.
EFFECTIVE MODULI OF TWO-PHASE COMPOSITES
We summarize the Mori-Tanaka and the self-consistent methods for estimating the effective properties of two-phase composite materials, and use them to analyze functionally graded materials.
The Mori-Tanaka Estimate
The Mori-Tanaka [9] scheme for estimating the effective moduli is applicable to regions of the graded microstructure which have a well-defined continuous matrix and a discontinuous particulate phase. It is assumed that the matrix phase, denoted by the subscript 1, is reinforced by spherical particles of a particulate phase, denoted by the subscript 2. The following estimates for the effective local bulk modulus K and shear modulus µ are useful for a random distribution of isotropic particles in an isotropic matrix,
where V denotes the volume fraction and f 1 = µ 1 (9K 1 +8µ 1 )/6(K 1 +2µ 1 ). The effective thermal conductivity κ is given by [14] κ − κ 1
and the coefficient of thermal expansion α by the correspondence relation [15] 
Self-consistent Estimate
The self-consistent method [10] is particularly suitable for determining the effective moduli in those regions which have an interconnected skeletal microstructure. The effective moduli for the self-consistent method are given by
where δ = 3 − 5η = K/(K + 4µ/3). These are implicit expressions for the unknowns K and µ. The first equation in (16) can be solved for K in terms of µ to obtain
and µ is obtained by solving the following quartic equation
The self-consistent estimate of the thermal conductivity coefficient [16] is in the implicit form
The self-consistent estimate of α is obtained by substitution of the self-consistent estimate of the bulk modulus K from (17) into the correspondence relation (15).
RESULTS AND DISCUSSION
Here we present exact results for a representative simply supported plate with its top surface subjected to either a mechanical load or a thermal load:
The bottom surface is traction free and held at the reference temperature, that is, σ i2 (x 1 , −H/2) = 0 and T (x 1 , −H/2) = 0. We first consider a plate made of a single layer, and in Section 5.1 a plate with five layers. Since it is common in 
for the applied mechanical load, and bŷ
for the thermal load. Consider a simply supported metal-ceramic plate with the metal (Al) taken as the matrix phase and the ceramic (SiC) taken as the particulate phase. The exact solution for displacements and stresses at specific points in the plate is compared with the CPT, the FSDT and the TSDT results in Fig. 1 for length-to-thickness ratio, L/H, ranging from 2 to 40. The effective material properties are obtained by the Mori-Tanaka scheme. The transverse deflectionū 2 (L/2, 0) of the plate centroid for the mechanical load predicted by the FSDT and the TSDT is in excellent agreement with the exact solution even for thick plates with L/H < 10, but the CPT solution exhibits significant error for thick plates due to shear deformation. The CPT and the FSDT give identical values of the longitudinal stressσ 11 which deviates from the exact solution as the length-to-thickness ratio decreases. The TSDT gives accurate results for σ 11 even for thick plates. When the plate is subjected to the thermal load, the deflectionû 2 and the longitudinal stressσ 11 given by each one of the three plate theories are inaccurate for thick plates with L/H < 10. The through-thethickness variations of the displacements and longitudinal stresses at points on the centroidal axis and the shear stress variation at an edge are depicted in Fig.  2 for a thick plate (L/H = 5). When subjected to the mechanical load, the TSDT overestimates the transverse deflectionū 2 at all points within the plate, the CPT underestimates it at all points, and the FSDT value ofū 2 is close to the average value given by the exact solution. It is clear that the thickness of the plate changes and the transverse normal strain is not uniform through the plate thickness. It should be noted that all three plate theories give very good values of the transverse shear stress. When the functionally graded thick plate with L/H = 5 is subjected to the temperature load, all three plate theories exhibit large errors due to the assumption of inextensibility of the normals to the midsurface.
In the above examples, we used a single homogenization scheme to estimate the effective properties for the entire plate. This approach is appropriate only for functionally graded plates that have the same microstructure everywhere. Reiter and Dvorak [7] performed detailed finite element studies of the response of simulated discrete models containing both skeletal and particulate microstructures and concluded that homogenized models of combined microstructures which employ only a single averaging method do not provide reliable agreements with the discrete model predictions. However, close agreement with the discrete model was shown by homogenized models which employ different effective property estimates for regions of the plate that have different microstructures. We consider a functionally graded plate that has an affine variation of the ceramic volume fraction given by V c = 1/2 + x 2 /H. It is assumed to have a well-defined continuous metallic matrix with discontinuous ceramic particles in the metal-rich region −0.5H ≤ x 2 ≤ −0.2H adjacent to the bottom surface and a well-defined continuous ceramic matrix with discontinuous metallic particles in the ceramicrich region 0.2H ≤ x 2 ≤ 0.5H adjacent to the top surface. The plate is assumed to have a skeletal microstructure in the central region −0.2H ≤ x 2 ≤ 0.2H. We use a combined model, wherein the effective properties in the metal-rich region adjacent to the bottom surface are obtained by the Mori-Tanaka scheme with a metallic matrix phase (MT M), the effective properties in the ceramic-rich region adjacent to the top surface are obtained by the Mori-Tanaka scheme with a ceramic matrix phase (MT C) and the effective material properties in the central region are obtained by the self-consistent scheme (SC). To accommodate the discontinuities in homogenized material properties predicted at the boundaries between the different regions, we employ the third-order transition functions used by Reiter and Dvorak [7] in transition regions of width 0.05H centered at x 2 = −0.2H and x 2 = 0.2H. A comparison of the through-the-thickness variation of the deflection and stresses obtained by the combined model and the two single averaging methods, namely MT M and MT C, are shown in Fig. 3 for a thick plate (L/H = 5) subjected to the thermal load. The MT M, the MT C and the combined model all give significantly different values for the transverse shear stressσ 12 and the transverse normal stressσ 22 for the thermal load.
CONCLUSIONS
We have analyzed thermomechanical deformations of a simply supported functionally graded Al/SiC plate subjected to either a sinusoidal pressure or a sinusoidal temperature field on the top surface. For thick functionally graded plates, there are significant differences between the exact solution and that obtained with any one of these three plate theories. It is found that the displacements, stresses, and temperatures computed with either the Mori-Tanaka scheme or the self-consistent method or their combination agree qualitatively but differ quantitatively.
